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$C=AB$ (1)
$A$ $m\cross l_{\text{ }}B$ $l\cross n$
$A,$ $B$
$\underline{C}\leq AB\leq\overline{C}$ $\Leftrightarrow$ $(i,j)$ ( $\underline{C}_{i,j}\leq(AB)_{i,j}\leq\overline{C}_{i,j}$ (2)
$\underline{c},$
$\overline{c}$ $G=[\underline{C}, \overline{C}]$ (interval
matrix) (point matrix) IEEE
754 $A$ $B$
Oishi-Rump $[3, 4]$
(rounding mode controlled computation)
$A$ $B$ 2
1969 Strassen [6] $A,$ $B$
$n\cross n$ $A$ $B$ $O(n^{3})$ flops







$A$ $B$ $n\cross n$ $2\cross 2$
$n=2m$ $m\cross m$
$\{\begin{array}{ll}C_{11} C_{12}C_{21} C_{22}\end{array}\}=\{\begin{array}{ll}A_{11} A_{12}A_{21} A_{22}\end{array}\}\{\begin{array}{ll}B_{11} B_{12}B_{21} B_{22}\end{array}\}$ . (3)
2.1
2 $\mathrm{x}2$
$\{\begin{array}{ll}C_{11} C_{12}C_{21} C_{22}\end{array}\}=\{\begin{array}{ll}A_{11}B_{11}+\mathrm{A}_{12}B_{21} A_{11}B_{12}+A_{12}B_{22}A_{21}B_{11}+A_{22}B_{21} A_{21}B_{12}+A_{22}B_{22}\end{array}\}$ .
$m\cross m$ 8 4 1




$\{\begin{array}{ll}C_{11} C_{12}C_{21} C_{22}\end{array}\}=\{\begin{array}{ll}P_{1}+P_{4}-P_{5}+P_{7} P_{3}+P_{5}P_{2}+P_{4} P_{1}-P_{2}+P_{3}+P_{6}\end{array}\}$ .
$\ovalbox{\tt\small REJECT}=(A_{11}+A_{22})(B_{11}+B_{22})$ , $P_{2}=(A_{21}+A_{22})B_{11}$ ,
$P_{3}=A_{11}(B_{12}-B_{22})$ , $P_{4}=A_{22}(B_{21}-B_{11})$ ,
$\ovalbox{\tt\small REJECT}=(A_{11}+A_{12})B_{22}$ , $P_{6}=(A_{21}-A_{11})(B_{11}+B_{12})$ ,
$\ovalbox{\tt\small REJECT}=(A_{12}-A_{22})(B_{21}+B_{22})$ .
Strassen $m\cross\prime m$ 7 18
$14m^{3}+11m^{2}$ flops
$m$ Strassen 7/8
[ { Strassen recursive
Strassen
MATLAB








$T_{1}=A_{11}+A_{22}$ ; $T\circ=B_{11}\sim+B_{22}$ ;
$T_{5}=B_{21}-B_{11}$ ; $T_{6}=A_{11}+A_{12}$ ;
$T_{9}=A_{12}-A_{22}$ ; $T_{10}=B_{21}+B_{2_{\dot{A}}}\neg$
$P_{1}=\mathrm{S}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{M}\mathrm{M}(T_{1}, T_{2})$ ; $P_{\underline{9}}=_{\llcorner}\mathrm{G}$
$P_{3}=\mathrm{S}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{M}\mathrm{M}(A_{11},T_{4})$ ;
$T_{3}=A_{21}+A_{22}$ ; $T_{4}=B_{12}-B_{22}$ ;




$P_{5}=\mathrm{S}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{M}\mathrm{M}(T_{6}, B_{22})$; $P_{6}=\mathrm{S}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{M}\mathrm{M}(T_{7}, T_{8})$ ;


















$[\underline{A}, \overline{A}]$ $m\cross n$
$X=(x_{i,j}),$ $Y=(y_{i,j})$ C $X\leq Y$
X\leq Y\Leftarrow \rightarrow $(i,j)\}$ x j\leq yi
$m\mathrm{x}n$
$[\underline{A},\overline{A}]=$ { $X$ : $m\cross \mathrm{n}$ $|\underline{A}\leq X\leq\overline{A}$ }






















$[A_{\Lambda f}, A_{R}]=\mathrm{C}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{R}\mathrm{a}\mathrm{d}\mathrm{i}\mathrm{u}\mathrm{s}(\underline{A},\overline{A})$ ;




























3 ($6m^{3}+O(m^{2})$ flops) Strassen
AB $48m^{3}+O(m^{2})\approx 6n^{3}$
flops $4n^{3}$ flops Strassen
4
Strassen
$X$ $m\cross l$ $Y$ $l\cross n$ :
$(XY)_{i,j}= \sum_{k=1}^{l}X_{i,kk,j}Y\leq\sum_{k=1}^{l}Xi,k(_{1\leq p\leq n}\max Y_{k,p})=P_{i,j}$ (4)
$(XY)_{i,j}= \sum_{k=1}^{l}X_{i,kk,j}Y\leq\sum_{k=1}^{l}(_{1\leq p\leq m}\max X_{p,k})Y_{k,j}=Q_{i,j}$ . (5)
(4), (5)
$(XY)_{i,j} \leq\min\{P_{i,j}, Q_{i,j}\}$ . (6)
7 :
function $\overline{G}=\mathrm{F}\mathrm{a}\mathrm{s}\mathrm{t}\mathrm{M}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{N}\mathrm{N}(X, Y)$
$[m, l]=\mathrm{s}\mathrm{i}\mathrm{z}\mathrm{e}(X)$ ; $\mathrm{n}=\mathrm{s}\mathrm{i}\mathrm{z}\mathrm{e}(Y, 2)$ ;
$P=\mathrm{z}\mathrm{e}\mathrm{r}\mathrm{o}\mathrm{s}(m,n)$ ; $Q=\mathrm{z}\mathrm{e}\mathrm{r}\mathrm{o}\mathrm{s}(m, n)$ ;
$u=\mathrm{z}\mathrm{e}\mathrm{r}\mathrm{o}\mathrm{s}(1, l)$ ; $v=\mathrm{z}\mathrm{e}\mathrm{r}\mathrm{o}\mathrm{s}(l, 1)$ ;
for $k=1$ : $l$ ,
155
$u(1, k)= \max(X(1 : m, k))$ ;




for $i=1$ : $m$ ,
$P(i, 1 : n)=p$ ;
end
$q=X*v$ ;











[$\underline{T},\urcorner T=\mathrm{R}\mathrm{e}\mathrm{a}\mathrm{l}\mathrm{M}\mathrm{M}\mathrm{I}\mathrm{n}(A, B_{M})$ ;
setround(up);
$P_{\mathrm{A}\prime I}=\underline{T}+0.5*(\overline{T}-\underline{T})$ ;





































$\underline{T_{1}}=A_{11}+A_{22}$ ; $T_{2}=B_{11}+B_{22}$ ; $T_{3}=A_{21}+A_{22}$ ; $T_{4}=B_{12}-B_{22j}$
$T_{5}=B_{21}-B_{11\}}$. $\overline{T_{6}}=A_{11}+A_{12;}$ $\overline{\underline{T_{7}}}=A_{21}-A_{11}$ ; $\overline{\underline{T_{8}}}=B_{11}+B_{12}$ ;
$\underline{\overline{T_{9}}}=A_{12}-A_{22;}$ $\overline{\underline{T_{10}}}=B_{21}+B_{22;}$
setround(uP);
$\overline{T_{1}}=A_{11}+A_{22}$ ; $\overline{T\underline,}=B_{11}+B_{22;}$ $\overline{T_{3}}=A_{21}+A_{22;}$ $\overline{T_{4}}=B_{12}-B_{22;}$
$\overline{T_{5}}=B_{21}-B_{11}$ ; $\overline{T_{6}}=A_{11}+A_{12}$ ; $\overline{T_{7}}=A_{21}-A_{11}$ ; $\overline{T_{8}}=B_{11}+B_{12}$ ;
$\overline{T_{9}}=A_{12}-A_{22}$ ; $\overline{T_{10}}=B_{21}+B_{22}$ ;
$\llcorner P_{1},\overline{P_{1}}]=\mathrm{I}\mathrm{I}\mathrm{M}\mathrm{u}1\mathrm{t}\mathrm{F}(\underline{T_{1}},\overline{T_{1}},\underline{T_{2}}$ ,T2 ; $[\underline{P_{2}},\overline{P_{2}}]=\mathrm{I}\mathrm{P}\mathrm{M}\mathrm{u}1\mathrm{t}\mathrm{F}(\underline{T_{3}},\overline{T_{3}}, B_{11})$;
$[\underline{P_{3}},\overline{P_{3}}]=\mathrm{P}\mathrm{I}\mathrm{M}\mathrm{u}1\mathrm{t}\mathrm{F}(A_{11}\underline{T_{4}},,\overline{T_{4}})$; $[P_{4},\overline{P_{4}}]=\mathrm{P}\mathrm{I}\mathrm{M}\mathrm{u}1\mathrm{t}\mathrm{F}(A_{22},\underline{T_{5}},\overline{T_{5}})$ ;






















$A,$ $B$ $m\cross l$ $C,$ $D$ 6 $n$ (7)
$P$ $=$ $AC$ -BD (8)
$Q$ $=$ $AD+BC$. (9)
$W=(A+B)(C+D)$
$P$ $=$ $AC-BD$ , (10)
$Q$ $=$ $W-AC-BD$ (11)



















$A=\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{l}(Z_{1})$ ; $B=\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{g}(Z_{1})$ ;




$\overline{T_{1}}=A+B$ ; $\overline{T_{2}}=C+D$ ;
158














$A,$ $B$ $n\cross n$ [-1, 1]
2 RealMMIn 11 StrassMMIn
2 $[\underline{C}, \overline{C}]\supseteq AB$ AB
( RealMM ) 1 StrassMM 2





HITACHI SR8000 (1 , 14 $.4\mathrm{G}\mathrm{F}\mathrm{L}\mathrm{O}\mathrm{P}\mathrm{S}$ ) BLAS
Strassen recursive 1


















[1] Golub, G. H., Van Loan, C. F.: Matrix Computations, 3rd ed., The Johus Hopkins
$\mathrm{U}\mathrm{n}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{i}\mathrm{t}\dot{\mathrm{y}}$Press: Baltimore and London, 1996.
[2] Ogita, T., Oishi, S.: Fast inclusion of interval matrix multiplication, submitted to BIT,
2002.
160
[3] Oishi, S.: Fast enclosure of matrix eigenvalues and singular values via rounding mode
controlled computation, Linear Alg. Appl. 324 (2001), 133-146.
[4] Oishi, S., Rump, S. M.: Fast verification of solutions of matrix equations, Numer. Math.
90 (2002), 755-773.
[5] Rump, S. M.: INTLAB- INTerval LABoratory, Version 31, 2002.
[6] Strassen, V.: Gaussian elimination is not optimal, Numer. Math. 13 (1969), 354-356.
[7] : , 1040 (1998),
61-69.
[8] : , : , 2000.
161
